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Unified Turbulence Closure Model for Axisymmetric
and Planar Free Shear Flows
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A new two-equation turbulence model based on the exact turbulent kinetic energy and the variance of vorticity
or enstrophy equations is developed and used to calculate planar and axisymmetric free shear flows. It is shown
that one set of model constants reproduces available growth rates and similarity profiles of velocity and shear
stress. In general, agreement is well within the scatter of experimental data.

Introduction

XISTING two-equation turbulence models require different
4 model constants and different boundary conditions for the suc-
cessful prediction of growth rates of wakes, jets, and mixing layers.!
Moreover, attempts at using turbulent stress models have failed to
improve agreement between theory and experiment for such flows.?
Development of a unified closure model that is capable of describ-
ing these flows using the same set of model constants and the same
boundary conditions would represent a major step toward the de-
velopment of a three-dimensional mode! for both bounded and free
shear flows.

After an exhaustive study of free shear flows, Morse? concluded
that the primary cause for failure of existing turbulence models is
the inadequate modeling of the equation for the dissipation rate. It
is safe to assume that for large turbulence Reynolds numbers the
small scales are independent of the large scales and the mean flow.
Thus, their rate of dissipation is isotropic. This assumption forms
the basis of almost all & or w equations. If, on the other hand, the
turbulent Reynolds stress is not large, the dissipation rate will be
slightly anisotropic and terms that appear in the exact dissipation
equation that depend on the mean flow, although small, may not be
negligible. Based on this argument, Morse developed equations for
the nonisotropic dissipation tensor ;. Unfortunately, the form of
the equations used to describe ¢;; did not help resolve the round
jet anomaly.

Our objective in this work is to resolve all anomalies associated
with free shear flows and, in the process, chart a new approach
for modeling wall bounded and free shear flows. Morse concluded
that the eddy viscosity assumption was not the cause of the round
jet anomaly. Therefore, the approach to be presented here will be
based on a two-equation model. Extension to a stress model will
be discussed separately. Rather than develop equations for the dis-
sipation rate tensor as was done by Morse, our approach will be
based on the exact dissipation equation. Thus, terms that depend
on the mean flow that are negligible at high turbulent Reynolds
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numbers but not at low turbulent Reynolds numbers will be retained
and modeled.

Instead of using the exact dissipation equation, we opted to use the
exact equation governing the vorticity variance, or enstrophy.® The
two equations are equivalent. This was done for two reasons. First,
vortex stretching plays a major role in the production of turbulence.
Thus, a modeled equation governing a property of the fluctuating
vorticity should be more descriptive of the physics of turbulence.
The second is that the (incompressible) enstrophy equation has no
explicit dependence on the pressure. Because all free shear flows
considered in this work have constant pressure, the significance
of this choice will become clear when the current approach is ap-
plied to wall bounded shear flows in the presence of strong pressure
gradients.

The enstrophy equation has a number of well- deﬂned terms de-
scribing various sources of production (destruction).® Thus, in ad-
dition to the gradient production term, there is production by vortex
stretching and the mean strain rate. Rather than combine all of these
terms together, almost all of the terms were modeled separately.

The enstrophy equation has been the subject of detailed investi-
gation by Bernard and Berger, Raul and Bernard,” Bernard,® and
Gorski.” They utilized Lagrangian time expansion techniques to ef-
fect closure. The early work resulted in equations that were not suited
for immediate inclusion in available computational fluid dynamics
(CFD) codes. As aresult, the work did not receive the wide attention
it deserves. This, however, was remedied by Gorski.” Our approach
in modeling the enstrophy equation is given subsequently and is
quite different from that of Refs. 4-7. The resulting equation can
be easily incorporated into existing CFD codes by substltutmg the
enstrophy equation for the ¢ or @ equation.

Because of the increased number of terms in the enstrophy equa-
tion, the number of model constants is increased. These were eval-
uated by requiring the modeling to be consistent with the scaling
in the log-law region and by numerical optimization. The latter en-
tailed the requirement that the model give the best prediction of
growth rate, velocity, and shear stress distribution in the similarity
region for the round jet. Thus, no attempt was made to utilize re-
sults of the decay of homogeneous turbulence in selecting the model
constants. The resulting set of constants were then used to calculate
plane wakes, plane and radial jets, mixing layers, and homogeneous
shear flows. The results are compared with available experiment. In
general, agreement is well within experimental scatter.

Formulation of the Problem
Governing Equations
Assuming incompressible flow, the governing equations are the
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Reynolds averaged continuity, momentum, turbulent kinetic energy,
and enstrophy. These equations can be written as
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where p is the density, u is the viscosity, u}, @], and p' are the
fluctuating velocity, vorticity, and pressure, U; is the mean velocity,
and &;j; is the permutation tensor.

Modeling of the Enstrophy Equation
Using the Boussinesq assumption, the turbulent stress tensor can
be written as

*k/3)8;] ©)

where §;; is the Kronecker delta and v, is the eddy viscosity. There are
six terms that require modeling in the enstrophy equation. The fol-
lowing guidelines were followed in obtaining the modeled equation:
dimensional consistency, coordinate system independence, Galilean
invariance, linear relationships, and the least number -of possible
model constants. As will be seen, we will encounter symmetric
and skew-symmetric tensors that require modeling. The symmetric
tensors are expressed in terms of 7;;, S;;, and 8;;, whereas the skew-
symmetric tensors are expressed in terms of Q;;, the rotation tensor,
and

T = 2p[v,Sij —

ok 3{ ok a¢

ax, Bx i 0x; 0
The quantity w 1s a second-order tensor. It can be written as the
sum of symmetrlc and skew-symmetric tensors, i.e.,
w; 3.=2(a>u +w u)+ (i —w}uﬁ)
=A;; + By )
From the identity
— a(u ) ok
Emij@U; = ®

ax,- Bx,,,

one finds
Emij | 8(u, u, ak
B = —L dupuy) _ Ok )
2 dxg X,
The symmetric part is modeled as follows. From
du,
! ug =Eime ax:, u’j
= Eime Wi gm (10
where
1{ du au/
’ £ m
= — 11
e (ax,,, 9% ) an

The term ug Ty i8 modeled using a gradient diffusion assumption

u.r = Vi agtm (12)
jtem Or 8)(?]'
Using Egs. (7), (9), (10), and (12) one finds
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where o is a model constant.
Using the gradient diffusion- assumption, the term (3/9x;)
(u .w}w}) can be written as
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where o, is a model constant.

For the quantity w]w's;; ~ v(8w//9x;)(8w]/dx;), the first term
represents vortex stretcflmg and the second represents dissipation.
Both Tennekes and Lumley> and Reynolds® show that the two terms
are large but comparable at high turbulent Reynolds numbers. Be-
cause of this, Reynolds® and Bernard and Speziale® suggested that
the two terms be modeled together. For high turbulent Reynolds
numbers, the term is modeled as

R(A—BW¥k,  R.=+/R,

with
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and S;(0), G, and Bs are model constants, Reynolds assumes
Sk(0) = Gy, whereas Bernard and ‘Speziale assume S;(0) # G,
with the difference, however, being small. Because of this, the
Reynolds assumption is employed here. To allow for the effects
of anisotropy at lower turbulent Reynolds numbers, an additional
term
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was added with 8, being a model constant. As a result,

3] 3 ;
aws] — v%%— ‘Zf @Q;8; — ’fj%f (18)
J J t

The term shown in Eq. (17) is zero for two-dimensional flows.
Therefore, it is similar in spirit to a term introduced by Pope'® in
his attempt to resolve the round jet anomaly. Unfortunately, as was
pointed out by Rubel," introduction of Pope’s term resulted in a
radial jet anomaly. Because of this, Pope’s correction was never
adopted.

The term w]w/; is modeled as

Wi = Ol3§b.'j + %51‘,‘; 19
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where

—u u 2
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and a3 is a model constant.
The term cjs;; is a vector and can be modeled as
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with C; and C, determined from dimensional considerations as
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where B;, B¢, and fg are model constants, Combining the various
terms, the modeled enstrophy equation takes the form
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Using Eq. (13), the modeled turbulent kinetic energy equation
can be expressed as
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where oy is a model constant.

Model Constants
The first requirement in determining model constants is to comply
with the scaling in the log-law region. In the log-law region
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where 7, is the wall shearing stress and « is the Kdrmdn constant.
From the requirement that
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Substituting Eq. (29) into Eq. (23) yields
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The remaining coefficients may be obtained by numerical op-
timization. Advantage is taken of the fact that at some distance
downstream of a generating body, the flow reaches a self-similar or
a self-preserving state. The resulting total differential equations can
be solved and compared with available experimental data. There

Table 1 Turbulence model
closure coefficients constants

Constants k—¢
Cy 0.09
K 0.40
a3 035
Ba 042
Bs 237
Bs 0.10
B 0.75
Bs 230
1/ax 1.80
1/o; 1.46

is an abundance of turbulent measurements for free shear flows. It
should be noted, however, that there is a lack of consistency amongst
various experiments involving normal stresses and turbulent kinetic
energy. Therefore, model constants were optimized by emphasizing
comparisons with measured growth rates and similarity profiles of
velocity and shear stress.

The plan then was to choose one of the free shear flows, such as
the round jet, and optimize the model coefficients. After this was
accomplished, the governing equations were then used to calculate
the other results presented in the paper.

The resulting self-similar equations are plagued with a numeri-
cal singularity associated with the edge of the shear layer. For fully
turbulent flows, the edge of a shear layer corresponds to a sharp
turbulent—nonturbulent interface. Paullay et al.'? introduced a trans-
formation that moved the finite edge to infinity. This transformation
is employed here and the resulting set of equations are summarized
in the Appendix. A list of the resulting model constants is given in
Table 1.

Comparison with Vorticity Transport Theory

It is useful to contrast the present model with the vorticity trans-
port model.*~7 The present approach is based on the Boussinesq
assumption and employs the enstrophy equation in place of & or
w equations to effect closure. In the vorticity transport theory the
turbulent stress in the momentum equation is eliminated using the
identity indicated in Eq. (8), i.e.,

0 —— k
— (U, u;) = +8mlj

31
ax; ™" Bx ’ @b

Instead of mode]ing the turbulent stress, attention is focused on
modeling w]u -+ In this work, this quantity is modeled in Eq (13)

whereas in vomcxty transport theory the term is modeled as*~
T oul

W) = ~Ti 5+ 0 T, (32)

(1)

where T and Q are Lagrangian integral scales and can depend on the
indices employed. Thus, in the most general case, the number of T
scales is 9 and the number of Q scales is 27. In addition, u;du; /dx;
needs to-be modeled.

Gorski’ implemented a two-dimensional version of the preceding
approach using a k-enstrophy model to effect closure. Because of
the different nature of the two approaches, it is difficult to make a
direct comparison between the enstrophy equation developed here
and that of Ref. 7.

Results and Discussion

Because the k—& model performs better than the k—w for free
shear flows,! comparisons with both experiment and the k& model
are presented. As was pointed out by Paullay et al.,'? solutions ob-
tained using similarity equations have a high degree of accuracy and
are well within 5% of solutions obtained from marching boundary-
layer codes.

The first region considered is the self-similar region of the plane
wake. Figure 1.compares computed mean velocity W, referred to its
centerline value Wy, with experiment'>!* and with the k—s model.
In cases where the data are not symmetric both sets of data are
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Fig.3 Self-similar mean velocity, plane jet.

given. As is seen from the figure, computed profiles are in good
agreement with experiment and show a noted improvement over
the k—& model. Figure 2 shows similar comparisons for the shear
stress. Included in the figure is a comparison with the asymptotic
solution obtained by assuming v, to be constant. Again, marked
improvement over the k—& medel is seen, and good agreement with
experiment is indicated. The b in Figs. 1 and 2 denotes half-width,

Figures 3 and 4 show comparisons with the mean velocity and
shear stress for a two-dimensional jet. Both k—¢ and k—e models
show good agreement .with experiment.'5~!7 Bradbury'® indicates
that his measured spreading rate is not exactly proportional to x.
The departure from true self-preservation, however, is so small that
no adjustment is necessary in Fig. 3. Figures 5 and 6 examine the
round jet results. Here, the k—¢ model shows marked improvement
over the k—e model and is in good agreement with experiment.'%1°
Figures 7 and 8 compare the k—¢ and k—& models for radial jets.
Available data®-?2 suggest that profiles for the radial jet approach
those for the plane jet. Since both turbulence models were in good
agreement with experiment for the plane jet, the indicated agrcement
in Figs. 7 and 8 is expected.
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The final free shear flow considered is that of the mixing layer.
In Figs. 9 and 10, U; is the freestream velocity, and yx is defined as

_ __O/x) = O/*)es
/x)o9 — (¥/x)01

where (y/x)p.1, etc., denotes the location where the ratio of the
mean velocity to that of the freestream is 0.1, etc. For this case,
the mean velocity is accurately predicted. The theory shows good
agreement with the predicted shear stress in the streaming side of
the measurements but not with the zero velocity side. Patel® points
out that measurements with a normal hot-wire probe became unreli-
able in the zero velocity side. However, no estimate of inaccuracies
were given. Thus, a more accurate measurement in the zero velocity
side is needed before a definitive statement can be made regarding
predictions of the theory in this region.

A summary of calculated spreading rates is shown in Table 2. The
spreading rates are defined in a manner consistent with that given
in Table 2 of Ref. 1. In general, all growth rates calculated using
the k—¢ model are well within experimental scatter. This may be
contrasted with the k—& model especially for the plane wake and

(33)
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Table 2 Free shear flow spreading rates

Flow k¢ k—¢ Measured!

Far wake 0.3130 0.256 0.365

Mixing layer 0.1123 0.098 0.115

Plane jet 0.1145 0.109 0.100-0.110

Round jet 0.0906 0.120 0.086-0.096

Radial jet 0.0965 0.094 0.096-0.110
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Fig. 11 Homogeneous shear parameter.

the round jet; for the former, the spreading rate is underpredicted by
30%, whereas for the latter, it is overpredicted by over 25-40%.

The final figure involves comparisons with the uniform shear
flow. Measutements and direct numerical simulation® suggest that
the shear parameter, SK /e reaches an equilibrium value around 5.
For uniform shear flows

S]z = 521 = S; S,'jv= O, all others (34)

Figure 11 shows a comparison between k—¢ and k—¢ calcula-
tions. ‘Although results of the decay of homogeneous turbulence
were not involved in determining model constants in the present
work, the present model gives a better prediction than the k—e¢
model. Note that #* in Fig. 11 is ¢£S.

For decaying homogeneous isotropic turbulence, Egs. (23) and
(25) give

d g2
a - G TR (35)

Setting
Bs = (m+1)/m =237 (36)-

one concludes that the present model predicts a decay rate given by
k—t" =07 @37

This may be compared to values of m varying from 1 to 2.5 suggested
for the decay of homogeneous turbulence. It may be also contrasted
to a value of m = 0.7 suggested by Kolmogorov? and a value of
m = 0.844 deduced by Dakos and Gibson® in their study of the
decay of anisotropic homogeneous turbulence.

Concluding Remarks

The present model predicts the important features of all free shear
flows using the same set of model conditions and boundary condi-
tions. The success of the model is a result of the fact that the under-
lying equations are the exact equations that are valid for all turbulent
Reynolds numbers and thus incorporate the correct physics. More-
over, it appears that the procedure used in modeling the various
averages is appropriate.

Results obtained here seem to support the widely accepted notion
that one of the primary reasons for the failure of existing turbulence
models is a result of the inadequate modeling of the dissipation
equation.
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The model did not rely on the decay of homogeneous turbulence in
determining model constants. When compared with the k—e model
in describing homogeneous shear flows, however, it gave a better
estimate of the value of the shear parameter at equilibrium. On the
other hand, it produces a decay rate more representative of the decay
of anisotropic homogeneous turbulence. The last result is somewhat
unexpected and merits further examination.

Appendix: Similarity Form of Governing Equations
The similarity form of the governing equations can be obtained

for the various free shear flows as follows.
Plane wake:

/D
ux,y) =Usx —,/—Gm)
X
_D _ DULE(®)
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C,K*(m){ D K*(n)
=2 U — N=C,——
k EM)(M&) )
=y [PV
=% Tx
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! E() “Em x
Jet (plane, round, and radial):

u(x,,y) = UpG(m) vlx, y) = Uy V(n)
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k(x,y) = UK () t(x,y) = UE(m)/vx

CuK*(m)Upx K2(n)
= 7 N=cC
’ E(m) “Em)
y J
n=> U=t

where j = 0 and m = 0 for planar jets; j = 1 and m = 0 for radial
jets;and j =1 and m = 1 for round jets; J is specific momentum
flux.

Before solving the resulting ordinary differential equations the
transformation introduced by Paullay et al.? is introduced. This
transformation has the form

d d
E =Na7- (Al)

Using this substitution and the notation of Ref. 1, the momentum
and turbulent kinetic energy equations take the form

dG 1 d dG
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V% m@( @) (A2

2
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—_———— = SNK + —NE (A3
”@;m@(m@) ' (@) *9

where v, S, and S are given in Table 4.1 of Ref. 1.
The enstrophy equations for the plane wake, mixing layer, and
the various jets are given as follows.

Plane wake:
dE d| 1dE E:N 2 dG
3
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Y <d§‘) 3N |de A9
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